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Abstract
We consider some applications of the theory of generalized Ore supplement conditions in the
study of finite groups.
1 Introduction
Throughout this paper, all groups are finite and G always denotes a finite group. Moreover, p is
always supposed to be a prime. A subgroup H of G is said to be S-quasinormal in G if H permutes
with each Sylow subgroup P of G, that is, HP = PH. We use U to denote the class of all supersoluble
groups.
Let F be a class of groups. A chief factor H/K of G is said to be F-central in G if (H/K) ⋊
(G/CG(H/K)) ∈ F. The product of all normal subgroups N of G such that every chief factor of G
below N is F-central in G denoted by ZF(G) and called the F-hypercentre of G. By the Barnes-Kegel
theorem [1, IV, 1.5], for any group G ∈ F we have ZF(G) = G provided F is a formation.
If G = HB, then B is said to be a supplement of H in G. Since HG = G, it makes sense
to consider only the supplements B with some restrictions on B. For example, we often deal with
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the situation when for a supplement B of H we have H ∩ B = 1. In this case, B is said to be a
complement of H in G and H is said to be complemented in G; if, in addition, B is also normal in
G, then B is said to be a normal complement of H in G. Note that if H either is normal in G or
has a normal complement in G, then, clearly, H satisfies the following: there are normal subgroups
T and S of G such that G = HT , S ≤ H and H ∩T ≤ S (see Ore [2]); in this case we say H satisfies
the Ore supplement condition in G. It is clear that H satisfies the Ore supplement condition if and
only if H/HG has a normal complement in G/HG. In the paper [3], the subgroups which satisfy the
Ore supplement condition were called c-normal.
It was discovered that many important for applications classes of groups (for example, the classes
of all soluble, supersoluble, nilpotent, p-nilpotent, metanilpotent, dispersive in the sense of Ore [2]
groups (i.e., groups having a Sylow tower)) may be characterized in the terms of the Ore supplement
condition or in the terms of some generalized Ore supplement conditions. It was the main motivation
for introducing, studying and applying the generalized Ore supplement conditions of various type.
But, in fact, all recent results in this line of researches are based on the ideas of the papers [4–6],
in which the authors analyze three fundamentally different generalizations of the Ore supplement
condition. A subgroup H of G is called: c-supplemented in G [4] provided H/HG is complemented
in G/HG; F-supplemented [5] in G provided there is a supplement T/HG of H/HG in G/HG such
that (H/HG) ∩ (T/HG) ≤ ZF(G/HG); weakly S-permutable in G [6] provided there is a subnormal
subgroup T of G such that HT = G and H ∩ T ≤ S ≤ H for some S-quasinormal subgroup S of
G. Finally, also we often meet the situation when a subgroup H has a supplement T in G such that
T ∈ F. In spite of the four supplement conditions are quite different, there are a lot of similar results,
in which we meet one of these ones.
It is known for example that a soluble group G is supersoluble provided G has a normal subgroup
E with supersoluble quotient G/E such that for every maximal subgroup H of every Sylow subgroup
of F (E) at least one of the following holds:
(I) H is a CAP -subgroup of G [7], that is, H either covers or avoids each chief factor of G
(see [1, p. 37]);
(II) H is complemented [8] or, at least, c-complemented in G [4];
(III) H has a supersoluble supplement in G [9];
(IV) H is U-supplemented in G [5];
(V) H is weakly S-permutable in G [6];
(VI) H is a modular element (in the sense of Kurosh [10, p. 43]) of the lattice of all subgroups of
G [11].
The similarity of these results, as well as the similarity of many other results of this kind, makes
natural to ask:
Question A. Is there a condition which generalizes all these conditions on the maximal subgroups
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of the Sylow subgroups, and under which G is still supersoluble?
In fact, the solution of this problem is based on the concept of the F-hypercentre and on the idea
of the subgroup functor.
Definition 1.1. Let K ≤ H be subgroups of G. Then we say that that the pair (K,H) satisfies
the F-supplement condition in G if G has a subgroup T such that HT = G and H ∩ T ⊆ KZF(T ).
Recall that a subgroup functor is a function τ which assigns to each group G a set τ(G) subgroups
(perhaps consisting of a single element) of G satisfying 1 ∈ τ(G) and θ(τ(G)) = τ(θ(G)) for any
isomorphism θ : G→ G∗. If H ∈ τ(G), then we say that H is a τ -subgroup of the group G.
For our goal, we need the following realization of Definition 1.1.
Definition 1.2. Let G¯ = G/HG and H¯ = H/HG, where H is a subgroup of G. Let τ be a
subgroup functor. Then we say that that H is Fτ -supplemented in G if for some τ -subgroup S¯ of G¯
contained in H¯ the pair (S¯, H¯) satisfies the F-supplement condition in G¯.
We show that this concept gives the positive answer to the first part of Question A. First note that
if τ(G) is the set of CAP -subgroups ofG andH ∈ τ(G), thenH/HG is a CAP -subgroup ofG/HG (see
Example 1.4 below), so the triple (H¯, S¯, T¯ ), where S¯ = H¯ and T¯ = G¯, satisfies Definition 1.2. Clearly,
a subgroup H is c-supplemented in G if and only if it is Fτ -supplemented in G, where F = (1) is the
class of all identity groups and τ(G) is the set of all normal subgroups of G. If H has a supersoluble
supplement T in G, then (H/HG) ∩ (HGT/HG) = (H ∩ T )HG/HG ≤ THG/HG ≃ T/HG ∩ T , so H
is Uτ -supplemented in G for any subgroup functor τ . If H is U-supplemented in G, then similarly
we get that H is Uτ -supplemented in G for any subgroup functor τ . Finally, if H is weakly S-
permutable in G, and T is a subnormal subgroup of G such that HT = G and H ∩ T ≤ S ≤ H for
some S-quasinormal subgroup S of G, then (H/HG) ∩ (THG/HG) = (H ∩ T )HG/HG ≤ SHG/HG,
where SHG/HG is a S-quasinormal subgroup of G/HG (see Example 1.6 below). Hence H is Fτ -
supplemented in G for any formation F and for the subgroup functor τ , which assigns to each group
G the set τ(G) of all S-quasinormal subgroup of G.
Our next goal is to give the positive answer to the second part of Question A.
But first, we define some subgroup functors which will be used in applications of the results.
Definition 1.3. Let τ be a subgroup functor. Then we say that τ is:
(1) Inductive provided HN/N ∈ τ(G/N) whenever H ∈ τ(G) and N E G.
(2) Hereditary provided τ is inductive and H ∈ τ(E) whenever H ≤ E ≤ G and H ∈ τ(G).
(3) Φ-regular (respectively Φ-quasiregular) provided for any primitive group G, whenever H ∈
τ(G) is a p-group and N is a minimal normal (minimal normal abelian, respectively) subgroup of G,
then |G : NG(H ∩N)| is a power of p.
(4) Regular or a Li-subgroup functor [12] provided for any group G, whenever H ∈ τ(G) is a
p-group and N is a minimal normal subgroup of G, then |G : NG(H ∩N)| is a power of p.
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(5) Quasiregular provided for any group G, whenever H ∈ τ(G) is a p-group and N is an abelian
minimal normal subgroup of G, then |G : NG(H ∩N)| is a power of p.
Example 1.4. For any group G, let τ(G) be the set of all CAP -subgroups of G. Then τ is
regular inductive by Lemma 1 in [7].
Example 1.5. A subgroup H of G is called completely c-permutable [13] provided for any two
subgroups A ≤ E of G, where H ≤ E, there is an element x ∈ E such that HAx = AxH. Let τ(G)
be the set of all completely c-permutable subgroups of G. Then in view of [13, Lemma 2.1(3) and
Corollary 2.2(1)], the functor τ is hereditary inductive. Now let H be a completely c-permutable
p-subgroup of G and N any abelian minimal normal subgroup of G. For any prime q 6= p dividing
|G|, there is a Sylow q-subgroup Q of G such that HQ = QH. Then H ∩N 6= 1, H ∩N = HQ ∩N
and so q does not divide |G : NG(H ∩N)|. Hence τ is quasiregular.
Example 1.6. Let τ(G) be the set of all normal or of all S-quasinormal subgroups of G,
for any group G. Then by [14, 1.2.7 and 1.2.8]), the funtor τ is hereditary inductive and regular
(see [14, 1.2.14] and Example 1.4).
Example 1.7. We say, by analogy with CAP -subgroups, that a subgroup H of G is a CAMP -
subgroup of G if for every subgroups K ≤ L ≤ G, where K is a maximal subgroup of L, H either
covers the pair (K,L) (that is, HK = HL) or avoids this one (that is, H ∩K = H ∩L). Let τ(G) be
the set of all CAMP -subgroups of G for any group G. Then τ is hereditary inductive by [15, Lemma
2.3]. Now let H be a p-subgroup of a primitive group G which is a CAMP -subgroup of G. Then H
is subnormal in G by [15, (Lemma 2.5)]. Let N be a minimal normal subgroup of G. Suppose that
L = H ∩ N 6= 1. Then N is a p-group, so NH is a subnormal p-subgroup of G. Now let M be a
maximal subgroup of G such that MG = 1. Then G = N ⋊M and H either covers or avoids the
pair (M,G). But since L = H ∩N 6= 1, H M and so G = HM . On the other hand, NH ∩M = 1
by [16, Lemma 7.3.16] since MG = 1. Therefore NH = N = H. This shows that τ is Φ-regular. It
is not difficult to find a example which show that τ is not quasiregular.
Example 1.8. Recall that H is said to be S-quasinormally (respectively subnormally) embedded
[17] in G if every Sylow subgroup of H is also a Sylow subgroup of some S-quasinormal (respectively
subnormal) subgroup of G. Note that in view of Kegel’s result [18], every S-quasinormal subgroup
is subnormal, so every S-quasinormally embedded subgroup is also subnormally embedded. If τ(G)
is the set of all S-quasinormally embedded subgroups of G for any group G, then τ is a hereditary
inductive by [17, Lemma 1] and τ is quasiregular (see Example 1.5 and [14, 1.2.19]). It is clear that
this functor is not regular since every Sylow subgroup is S-quasinormally emebedded.
Example 1.9. Let τ(G) be the set of all modular subgroups of G for any group G. Then τ is
hereditary by [10, p. 201]. From Theorem 5.2.5 in [10] it easily follows that τ is regular.
Example 1.10. A subgroup H of G is called SS-quasinormal in G [19] provided there is a
subgroup B of G such that HB = G and H permutes with all Sylow subgroups of B. If τ(G) is the
set of all S-quasinormal subgroups of G for any group G, then the functor τ is hereditary inductive
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by [19, Lemma 2.1] and it is also regular by [20, Lemma 7.1(6)].
In what follows, τ is always supposed to be an inductive subgroup functor.
Now we can state our first result.
Theorem 1.11. A soluble group G is supersoluble if and only if G has a normal subgroup E
with supersoluble quotient G/E such that every maximal subgroup of every Sylow subgroup of F (E)
is Uτ -supplemented in G for some Φ-regular subgroup functor τ .
In view of the remarks after Definition 1.2, Theorem 1.11 gives the positive answer to the second
part of Question A.
If 1 ∈ F, then we write GF to denote the intersection of all normal subgroups N of G with
G/N ∈ F. The class F is said to be a formation if either F = ∅ or 1 ∈ F and every homomorphic
image of G/GF belongs to F for any group G. The formation F is said to be saturated if G ∈ F
whenever G/Φ(G) ∈ F.
In fact, Theorem 1.11 is a special case of the next our result.
Theorem A. Let F be a saturated formation containing U and X ≤ E normal subgroups of G
such that G/E ∈ F. Suppose that every maximal subgroup of every non-cyclic Sylow subgroup of
X is Uτ -supplemented in G for some Φ-regular hereditary or regular subgroup functor τ such that
every τ -subgroup of G contained in X is subnormally embedded in G. If X = E or X = F ∗(E),
then G ∈ F. Moreover, in the case when τ is regular, then E ≤ ZU(G).
The following theorem is an analogue of the previous one. But the methods of their proofs are
quite different (see Sections 3 and 4).
Theorem B. Let F be a saturated formation containing U and X ≤ E a normal subgroup of G
such that G/E ∈ F. Suppose that for every non-cyclic Sylow subgroup P of X every cyclic subgroup
of P of prime order or order 4 (if P is a non-abelian group) is Uτ -supplemented in G. Suppose that
at least one of the following holds:
(i) τ is hereditary Φ-quasiregular and X = E;
(ii) τ is hereditary quasiregular, E is soluble and X = F (E);
(iii) τ is regular, and X = F ∗ or X = E.
Then G ∈ F.
By analogy with Theorem 1.11, Theorems A and B cover and unify the results in many papers.
Some of them we discuss in Section 5.
Finally, note that Theorem A and B remain to be new for each concrete subgroup functor τ , for
example, if we supposed that τ is one of the functors in Examples 1.4–1.10.
All unexplained notation and terminology are standard. The reader is referred to [21], [1], [22],
or [23], if necessary.
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2 Base lemmas
Lemma 2.1. Let F be a saturated formation, K ≤ H ≤ G and N E G. Suppose that the pair
(K,H) satisfies the F-supplement condition in G.
(1) If either N ≤ H or (|H|, |N |) = 1, then the pair (KN/N,HN/N) satisfies the F-supplement
condition in G/N .
(2) If H ≤ E ≤ G and F is hereditary, then the pair (K,H) satisfies the F-supplement condition
in E.
(3) If K ≤ V ≤ H, then the pair (V,H) satisfies the F-supplement condition in G.
Proof. Let T be a subgroup of G such that HT = G and H ∩ T ⊆ KZF(T ).
(1) Clearly, (HN/N)(TN/N) = G/N . Moreover, HN ∩ HN = (H ∩ T )N . Indeed, if either
N ≤ H or N ≤ T , it is clear. But if N  H, we have N ≤ T since in this case (|H|, |N |) = 1 by
hypothesis. Hence
(HN/N) ∩ (NT/N) = (NH ∩NT )/N = N(H ∩ T )/N ⊆ N(KZF(T ))/N = (NK/N)(ZF(T )N/N)
≤ (KN/N)(ZF(TN/N))
since ZF(T )N/N) ≤ ZF(TN/N) by [24, Lemma 2.2(4)]. Hence the pair (KN/N,HN/N) satisfies
the F-supplement condition in G/N .
(2) Let T0 = T ∩ E. Then E = E ∩HT = H(T ∩ E) = HT0. Moreover,
H ∩ T0 = H ∩ T ⊆ KZF(T ) ≤ K(ZF(T ) ∩ E)
≤ KZF(T ∩ E) = KZF(T0)
by [24, Lemma 2.2(5)]. This shows that the pair (K,H) satisfies the F-supplement condition in E.
(3) This is clear.
Lemma 2.2. Let F be a saturated formation. Let H ≤ G and N be a normal subgroup of G.
(1) If N ≤ H, then H/N is Fτ -supplemented in G/N if and only if H is Fτ -supplemented in G.
(2) Suppose that S is a τ -subgroup of G such that HG ≤ S ≤ H and the pair (S,H) satisfies the
F-supplement condition in G. Then H is Fτ -supplemented in G.
(3) If H is Fτ -supplemented in G, and either N ≤ H or (|H|, |N |) = 1, then HN/N is Fτ -
supplemented in G/N .
(4) If H is Fτ -supplemented in G, F is hereditary, H ≤ E ≤ G and τ is hereditary, then H is
Fτ -supplemented in E.
Proof. For any subgroup V of G we put V¯ = V N/N and V̂ = V HG/HG. Let f be the canonical
isomorphism from (G/N)/(HG/N) onto G/HG.
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Let T¯ /H¯G¯ be a subgroup of G¯/H¯G¯ such that G¯/H¯G¯ = (H¯/H¯G¯)(T¯ /H¯G¯) and
(H¯/H¯G¯) ∩ (T¯ /H¯G¯)) ⊆ (S¯/H¯G¯)ZF(T¯ /H¯G¯)
for some τ -subgroup S¯/H¯G¯ of G¯/H¯G¯ contained in H¯/H¯G¯.
Then
f((H¯/H¯G¯) ∩ (T¯ /H¯G¯)) ≤ f(S¯/H¯G¯)f(ZF(T¯ /H¯G¯).
Note that
f((H¯/H¯G¯) ∩ (T¯ /H¯G¯))) = Ĥ ∩ T̂
and H¯G¯ = (H/N)G/N = HG/N .
On the other hand,
f(S¯/H¯G¯) = S/HG = Ŝ,
where Ŝ is a τ -subgroup of Ĝ since S¯/H¯G¯ is a τ -subgroup of G¯/H¯G¯.
Similarly, f(ZF(T¯ /H¯G¯)) = ZF(T̂ ). Therefore H is Fτ -supplemented in G.
Now suppose that H is Fτ -supplemented in G. Then by considering the canonical isomorphism
f−1 from G/HG onto (G/N)(HG/N), one can prove analogously that H/N is Fτ -supplemented in
G/N . The second assertion of (1) can be proved similarly.
(2) By the hyperthesis, the pair (S,H) satisfies the F-supplement condition in G. Hence by
Lemma 2.1(1), (S/HG,H/HG) satisfies the F-supplement condition in G/HG. Thus H is Fτ -
supplemented in G.
(3) Let Ŝ be a τ -subgroup of Ĝ contained in Ĥ such that the pair (Ŝ, Ĥ) satisfies the F-supplement
condition in Ĝ.
Then the pair (ŜN̂/N̂ , ĤN̂/N̂ ) satisfies the F-supplement condition in Ĝ/N̂ by Lemma 2.1(1).
Let h be the canonical isomorphism from (G/HG)/(HGN/HG) onto G/NHG. Then h(ŜN̂/N̂) =
SN/NHG and h(ĤN̂/N̂ ) = HN/NHG. Hence the pair (SN/NHG,HN/NHG) satisfies the F-
supplement condition in G/NHG. Note also that SN/NHG is a τ -subgroup of G/NHG since τ
is inductive and Ŝ is a τ -subgroup of Ĝ. Hence, HN/NHG is Fτ -supplemented in G/NHG and
so (HN/N)/(HGN)/N is Fτ -supplemented in (G/N)/(NHG/N), which implies that HN/N is Fτ -
supplemented in G/N by (1).
(4) By hypothesis, for some Ŝ ≤ Ĥ, where Ŝ is τ -subgroup of Ĝ, the pair (Ŝ, Ĥ) satisfies the
F-supplement condition in Ĝ. Then, by Lemma 2.1(2), the pair (Ŝ, Ĥ) satisfies the F-supplement
condition in Ê. Hence, by Lemma 2.1(3), the pair (ŜĤE/ĤE, Ĥ/ĤE) satisfies the F-supplement
condition in Ê/ĤE, where (ŜĤE/ĤE is τ -subgroup of Ê/ĤE. Hence SHE/HE is a τ -subgroup of
E/HE and the pair (SHE/HE,H/HE) satisfies the F-supplement condition in E/HE . This shows
that H is Fτ -supplemented in E.
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3 Proof of Theorem A
The following lemma is a corollary of [1, IV, (6.7)].
Lemma 3.1 Let F be a saturated formation and F the canonical local satellite of F (See [25,
Lemma 2.7] or [1, p. 361]). Let P be a normal p-subgroup of G. If P/Φ(P ) ≤ ZF(G/Φ(P )), then
P ≤ ZF(G).
Lemma 3.2 (See Lemma 2.14 in [25]). Let F be a saturated formation and F the canonical local
satellite of F. Let E be a normal p-subgroup of G. Then E ≤ ZF(G) if and only if G/CG(E) ∈ F (p).
Lemma 3.3. Let F be a saturated formation and G = PT , where P is a normal p-subgroup of
G. If P ∩ ZF(T ) is normal in P , then P ∩ ZF(T ) ≤ ZF(G).
Proof. First note that since G = PT and P ∩ ZF(T ) is normal in P , P ∩ ZF(T ) is normal in
G. Let F be the canonical local satellite of F and H/K a chief factor of G below P ∩ ZF(T ). Then
T/CT (H/K) ∈ F (p) by Lemma 3.2. Hence G/CG(H/K) = PT/CG(H/K) = PT/P (CG(H/K) ∩
T ) ≃ T/P (CG(H/K) ∩ T ) ∩ T = T/(CG(H/K) ∩ T ) = T/CT (H/K) ∈ F (p) by [26, Lemma 2.11]
or [1, A, (10.6)(b)]. Hence P ∩ ZF(T ) ≤ ZF(G).
Lemma 3.4. Let L ≤ V E P , where P is a Sylow p-subgroup of a group G, and N and M are
different normal subgroups of G. Suppose that |G/M : NG/M ((LM/M) ∩ (NM/M)) is a power of
p. Then:
(1) ((LM/M) ∩ (NM/M))G/M ≤ VM/M .
(2) If N is a non-abelian minimal normal subgroup of G, then L ∩N = 1.
(3) If NL ∩M = 1, then (L ∩N)G ≤ VM
Proof. (1) It is clear that LM/M ≤ VM/M E PM/M where PM/M is a Sylow p-subgroup
of G/M . On the other hand, since |G/M : NG/M ((LM/M) ∩ (NM/M)) is a power of p, we have
((LM/M) ∩ (NM/M))G/M = ((LM/M) ∩ (NM/M))NG/M (((LM/M)∩(NM/M)))(PM/M) = ((LM/M) ∩
(NM/M))PM/M . Hence we have (1).
(2) Suppose that B = L ∩ N 6= 1. Then (LM/M) ∩ (NM/M) 6= 1 and so N ≃ NM/M ≤
((LM/M) ∩ (NM/M))G/M ≤ PM/M , which implies that N is a p-group.
(3) Since NL ∩ M = 1, (LM/M) ∩ (NM/M) = (L ∩ N)M/M . On the other hand, ((L ∩
N)M/M)G/M = (L ∩N)GM/M . Hence (3) is a corollary of (1).
A normal subgroup N of G is said to be FΦ-hypercentral in G [27] if either N = 1 or N 6= 1
and every non-Frattini chief factor of G below N is F-central in G. The product of all normal
FΦ-hypercentral subgroups is denoted by ZFΦ(G) [27].
Proposition 3.5. Let F be a saturated formation containing all supersoluble groups, τ be Φ-
quasiregular (quasiregular, respectively) and P a non-identity normal p-subgroup of G. Suppose
that every maximal subgroup of P is Fτ -supplemented in G. Then P ≤ ZFΦ(G) (E ≤ ZF(G),
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respectively).
Proof. Suppose that the proposition is false and let (G,P ) be a counterexample with |G|+ |P |
minimal. Let Z = ZFΦ(G) (Z = ZF(G), respectively). Let Gp be a Sylow p-subgroup of G.
(1) P 6≤ ZUΦ(G) (P 6≤ ZU(G), respectively). (This follows from the hypothesis that F contains
all supersoluble groups and the choice of G ).
(2) P is not a minimal normal subgroup of G.
Suppose that P is a minimal normal subgroup of G. Then P ∩ Z = 1. Let H be a maximal
subgroup of P such that H is normal in Gp. Then HG = 1. Let S ∈ τ(G) and T be subgroups of
G such that S ≤ H, HT = G and H ∩ T ⊆ SZF(T ). Suppose that T 6= G. Then 1 < P ∩ T < P ,
where P ∩T is normal in G since P is abelian, which contradicts the minimality of P . Hence T = G,
so H = H ∩ T ≤ SZ, which implies that H = S(H ∩ Z) = S is a τ -subgroup of G. It is clear
that P  Φ(G). Hence for some maximal subgroup M of G we have G = P ⋊ M . Since τ is
Φ-quasiregular and HMG/MG is normal in GpMG/MG, HMG/MG is normal in G/MG by Lemma
3.4. Hence HMG/MG = PMG/MG, which implies that H = P , a contradiction. Hence we have (3).
(3) If N is a minimal normal subgroup of G contained in P , then P/N ≤ ZFΦ(G/N) (P/N ≤
ZF(G/N), respectively) and Z ∩ P = 1.
Indeed, by Lemma 2.2 the hypothesis holds for (G/N,P/N). Hence P/N ≤ ZFΦ(G/N) (P/N ≤
ZF(G/N), respectively) by the choice of (G,E). Hence N  Z by [27, Lemma 2.2] and the choice of
(G,P ).
(4) P ≤ ZFΦ(G).
Suppose that P  ZFΦ(G). Then, in view of (3) and [27, Lemma 2.2], Φ(G) ∩ P = 1. Hence
P = N ×D for some normal subgroup D of G by [25, Lemma 2.15], where D 6= 1 by (2). Let R be
a minimal normal subgroup of G contained in D. Then, by [1, A, 9.11], RN/N  Φ(G/N). Hence
in view of (3) and the G-isomorphism R ≃ RN/N , R is F-central in G, and so P ≤ ZFΦ(G) by (3)
and [27, Lemma 2.2]. Hence we have (4).
(5) τ is quasiregular (This follows from (4) and the choice of (G,P )).
(6) If N is a minimal normal subgroup of G contained in P , then N is the unique minimal normal
subgroup of G contained in P (see the proof of (3)).
(7) Φ(P ) 6= 1.
Suppose that Φ(P ) = 1. Then P is an elementary abelian p-group. LetW be a maximal subgroup
of N such that W is normal in Gp. We show that W is normal in G. Let B be a complement of N
in P and V =WB. Then V is a maximal subgroup of P and, evidently, VG = 1 by (6).
Let S ∈ τ(G) and T be subgroups of G such that S ≤ V , V T = G and V ∩T ⊆ SZF(T ). Assume
that T = G. Then V = V ∩ T ≤ SZ and so V = S(V ∩ Z). But in view of (3), Z ∩ P = 1. Hence
V = S and thereby W = WB ∩ N = V ∩ N = S ∩ N . Since τ is quasiregular by (5) and W is
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normal in Gp, we have that that W is normal in G by Lemma 3.4. Let T 6= G. Then 1 6= T ∩P < P .
Since G = V T = PT and P is abelian, T ∩ P is normal in G. Hence N ≤ T , which implies that
W ≤ T ∩ V ⊆ SZF(T ) ∩ P = S(ZF(T ) ∩ P ). Since P is abelian, ZF(T ) ∩ P is normal in P , so
ZF(T ) ∩ P ≤ Z ∩ P = 1 by Lemma 3.3. This implies that W = S ∩N and so W is normal in G by
Lemma 3.4.
Finally, as above, we get the same conclusion in the case when N ≤ T . Therefore W is normal
in G and so W = 1, which implies that |N | = p. This contradiction shows that we have Φ(P ) 6= 1.
The final contradiction.
By (7), Φ(P ) 6= 1. Let N be a minimal normal subgroup of G contained in Φ(P ). Then P/N ≤
ZF(G/N) by (3). It follows that P/Φ(P ) ≤ ZF(G/Φ(P )). Thus P ≤ Z by Lemma 3.1. This
contradiction completes the proof.
Theorem 3.6. Let F be the class of all p-supersoluble groups. Let E be a normal subgroup of
G and P a Sylow p-subgroup of E of order |P | = pn, where n > 1 and (|E|, p− 1) = 1. Suppose that
τ is Φ-regular and every τ -subgroup of G contained in P is subnormally embedded in G. If every
maximal subgroup of P is Fτ -supplemented in G, then E is p-nilpotent.
Proof. Suppose that this theorem is false and let (G,E) be a counterexample with |G| + |E|
minimal. We proceed via the following steps.
(1) Op′(E) = 1.
Suppose that Op′(E) 6= 1. Since Op′(E) is characteristic in E, it is normal in G and the hypothesis
holds for (G/Op′(E), E/Op′ (E)) by Lemma 2.2. The choice ofG implies that E/Op′(E) is p-nilpotent.
It follows that E is p-nilpotent, a contradiction.
(2) If Op(E) 6= 1, then E is p-soluble.
Indeed, by Lemma 2.2, the hypothesis holds for (G/Op(E), E/Op(E)). Hence in the case when
Op(E) 6= 1, E/Op(E) is p-nilpotent by the choice of (G,E), which implies the p-solubility of E.
(3) Op(E) 6= 1.
Suppose that this is false. Then, in view of [25, Lemma 3.4(3)], for any subnormal subgroup L
of G contained in E we have neither L is a p-group nor a p′-group. Let N be a minimal normal
subgroup of G contained in E. Then N is non-abelian group. Then since (|E|, p − 1) = 1, we have
that p = 2 by Feit-Thompson theorem. It is clear that |N2| > 2.
We claim that for any minimal normal subgroup L of G contained in E and for any τ -subgroup
S of G we have S ∩L = 1. Indeed, assume that S ∩L 6= 1. Let M be a maximal subgroup of G such
that LM = G. Since τ is Φ-regular, |G/MG : NG/MG((SMG/MG) ∩ (LMG/MG))| is a power of 2.
Then L is abelian by Lemma 3.4(2) and so L ≤ O2(E) = 1, a contradiction.
Let H be an arbitrary maximal subgroup of P . It is clear that HG = 1. Hence there exists a
subgroup T such that G = HT and H ∩ T ⊆ SZF(T ) for some τ -subgroup S of G contained in H.
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Suppose that S 6= 1. Let W be a subnormal subgroup of G such that S is a Sylow 2-subgroup of
W . In view of [25, Lemma 3.4(2)], we may assume, without loss of generality, that W ≤ E. Let L
be a minimal subnormal subgroup of G contained in W . Then L neither is a 2-group nor a 2′-group.
Therefore L is a non-abelian simple group and L2 = S ∩ L is a Sylow 2-subgroup of L since S is a
Sylow 2-subgroup of W . It is clear that R = LG is a minimal normal subgroup of G and S ∩R 6= 1,
contrary to (a). Therefore S = 1. Hence every maximal subgroup H of P has a supplement T in G
such that H ∩ T ≤ ZF(T ).
We now show that V = T∩E is 2-nilpotent. Let V2 be a Sylow 2-subgroup of V containingM∩V .
Then |V2 : V ∩M | ≤ |P : M | = 2. Therefore for a Sylow 2-subgroup Q of V ZF(T )/ZF(T ) we have
|Q| divides 2. This induces that V ZF(T )/ZF(T ) ≃ V/V ∩ZF(T ) is 2-nilpotent. It is well-known that
the class of all 2-nilpotent groups is a hereditary saturated formation. Hence in view of [24, Lemma
2.2(5)], V ∩ZF(T ) ≤ ZF(V ). Thus V = T ∩E is 2-nilpotent. But E = E∩TM =M(T ∩E), so every
maximal subgroup of P has a 2-nilpotent supplement T in E. It is clear that a Hall 2′-subgroup of
T ∩ E is also a Hall 2′-subgroup of E. Therefore E is 2-nilpotent by [25, Lemmas 3.7 and 3.8]. It
follows that N is a 2-group, a contradiction. Hence we have (3)
(4) There is a maximal subgroup D of G such that ND = G, DG∩E = 1 and E = N⋊M , where
M = D ∩E and N = Op(E) = CE(N) is a minimal normal subgroup of G and M is p-nilpotent. In
particular, E is p-soluble.
In view of (3), Op(E) 6= 1. Let N be a minimal normal subgroup of G contained in Op(E). Then
the hypothesis holds for (G/N,E/N) by Lemma 2.2. Therefore E/N is p-nilpotent by the choice
of (G,E), and so E is p-soluble. It follows that N is the unique minimal normal subgroup of G
contained in E. If N ≤ Φ(G), then E is p-nilpotent by [25, Corollary 1.6]. Hence N  Φ(G) and
so G = N ⋊ D for some maximal subgroup D of G. Since Op(G) ≤ CG(N) by [26, Lemma 2.11]
or [1, A, 10.6(b)], we have that Op(G) ∩D is normal in G. Hence Op(G) ∩ D ∩ E is normal in G.
Note that E = N ⋊ (D ∩E), so DG ∩M = 1 and
Op(E) = Op(G) ∩E = N(Op(E) ∩D ∩ E),
where Op(E)∩D∩E = Op(G)∩D∩E is normal in G. Hence Op(E)∩D∩E = 1, and so N = Op(E).
Finally, since E is p-soluble and Op′(E) = 1 by (1), we have CE(N) = N by [28, Chapter 6, 3.2].
(5) If H/K is a chief factor of E below N , then |H/K| > p
By Proposition 4.13(c) in [1, A], N = N1 × . . . × Nt, where N1, · · · , Nt are minimal normal
subgroups of E, and from the proof of this proposition we see that |Ni = |Nj | for all i, j ∈ {1, · · · , t}.
Hence for any chief factor H/K of E below N we have |H/K| = |N1| by [27, Lemma 2.2]. Suppose
that |H/K| = p. Since (p − 1, |E|) = p, CE(H/K) = E. Hence N ≤ Z∞(E), which implies the
p-nilpotency of E by (4). This contradiction shows that (5) holds.
(6) If a non-identity subgroup S of P is subnormally embedded in G, then S ∩N 6= 1.
Indeed, letW be a subnormal subgroup of G such that S is a Sylow p-subgroup ofW . If S∩N = 1,
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then W ∩ N = 1. Hence by (4) and [25, Lemma 3.4(4)], W ≤ CE(N) = N , a contradiction. Thus
(6) holds.
(7) M = NE(Mp′), where Mp′ is the Hall p
′-subgroup of M .
Let J = NE(Mp′). Suppose that M < J . Then J = J ∩ NM = M(J ∩ N) and therefore
J ∩N 6= 1. Since E = NJ , J ∩N is normal in E and E/CE(J ∩N) is a p-group. If F is the canonical
local satellite of the saturated formation of all nilpotent, the F (p) is the class of all p-groups by
(see [1, IV]). Hence in view of Lemma 3.2, J ∩ N ≤ Z∞(E). Hence for some minimal normal
subgroup C of E contained in N we have |C| = p, which contradicts (5).
Final contradiction.
LetMp ≤ Dp, whereMp is a Sylow p-subgroup ofM and Dp is a Sylow p-subgroup of D. Without
loss of generality, we may suppose that Mp ≤ P . Then NMp = P and NDp is a Sylow p-subgroup
of G. Let N0 ≤ N be a normal subgroup of NDp such that |N : N0| = p. Let W = N0Dp and
V = N0Mp. Then W is maximal in NDp and V is maximal in P such that VG = 1.
(i) For any τ -subgroup S of G contained in V , we have S ∩N = 1.
Assume that this is false. It is cleat that SN ∩DG = 1. Since τ is Φ-regular, N ≤ (S∩N)
GDG ≤
WDG by Lemma 3.4, Hence N = N ∩N0DpDG = N0(N ∩DpDG) = N0. This contradiction shows
that we have (i).
(ii) V has no a p-nilpotent supplement in E.
Assume that V has a p-nilpotent supplement T0 in E. Then a Hall p
′-subgroup Tp′ of T0 is a
Hall p′-subgroup of E. By (4), E is p-soluble and so any two Hall p′-subgroup of E are conjugate
in E. Without loss of generality, we may assume that Tp′ ≤ M , so T0 ≤ M by (7). It follows that
E = V T0 = VM . But since Mp ≤ V and V is maximal in P , VM 6= E. This contradiction shows
that we have (ii).
By hypothesis, V is Fτ -supplemented in G, so there exists a subgroup T such that G = V T and
V ∩ T ⊆ SZF(T ) for some τ -subgroup S of G contained in V .
Assume that S 6= 1. Then S ∩N 6= 1 by (6), contrary to (i). Hence S = 1, so
V ∩ T0 = V ∩ T ≤ ZF(T ) ∩ T0 ≤ ZF(T0)
by [24, Lemma 2.2(5)]. Hence, as in the proof of (3), one can show that T0 = T ∩ E is p-nilpotent.
But this contradicts (ii).
The theorem is proved.
Corollary 3.7. Let E be a non-identity normal subgroup G. Suppose that every maximal
subgroup of every non-cyclic Sylow subgroup of E is Uτ -supplemented in G for some regular subgroup
functor τ such that every τ -subgroup of G contained in E is subnormally embedded in G. Then
E ≤ ZF(G).
Proof. Suppose that this corollary is false and let (G,E) be a counterexample with |G| + |E|
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minimal. Let p be the smallest prime dividing |E|. Then E is p-nilpotent by Theorem 3.6 and [28,
Chapter 7, 6.1]. Let V be the Hall p′-subgroup of E. Then V is characteristic in E and so it is
normal in G. If V = 1, then E ≤ ZF(G) by Proposition 3.5. Hence V 6= 1, and so the hypothesis
holds for (G,V ). The choice of (G,E) implies that V ≤ ZF(G). On the other hand, the hypothesis
holds for (G/V,E/V ) by Lemma 2.2, so E/V ≤ ZF(G/V ). Therefore E ≤ ZF(G) by [27, Lemma
2.2]. This contradiction completes the proof.
Lemma 3.8. Let P be a normal non-identity p-subgroup of G with |P | > p and P ∩ Φ(G) = 1.
Suppose that τ is Φ-quasiregular and every maximal subgroup of P is Uτ -supplemented in G. Then
some maximal subgroup of P is normal in G.
Proof. LetGp be a Sylow p-subgroup ofG and Z = ZU(G). Since P∩Φ(G) = 1, P = N1×· · ·×Nt,
where Ni is a minimal normal subgroup of G, for all i = 1, . . . t by [25, Lemma 2.15]. Hence |Ni| 6= p
for all i = 1, . . . , t. Then P ∩ Z = 1 and t > 1 (see (2) in the proof of Proposition 3.5). Moreover,
the hypothesis holds for (G/N1, P/N1) by Lemma 2.2 and [27, Lemma 2.2], so by induction some
maximal subgroup M/N1 of P/N1 is normal in G/N1. Then a maximal subgroup M of P is normal
in G.
Lemma 3.9 Let E be a normal subgroup of G and τ a Φ-regular inductive subgroup functor
such that every primary τ -subgroup of G is subnormally embedded in G. If every maximal subgroup
of every non-cyclic Sylow subgroup of E is Uτ -supplemented in G, then E is supersoluble.
Proof. Suppose that this lemma is false and let (G,E) be a counterexample with |G| + |E|
minimal. Let P be a Sylow p-subgroup of E where p is the smallest prime dividing |E|. By Theorem
3.6, E is p-nilpotent. Let V be the Hall p′-subgroup of E. Then V is normal in G and the hypothesis
holds for (G,V ). Hence V is supersoluble by the choice of (G,E). Then a Sylow q-subgroup Q
of V , where q is the largest prime dividing |V |, is normal and so it is characteristic in V . Hence
Q is normal in G and the hypothesis holds for (G/Q,E/Q) by Lemma 2.2. The choice of (G,E)
implies that E/N is supersoluble. On the other hand, by Proposition 3.5, Q ≤ ZUΦ(G). Thus E is
supersoluble by [25, Theorem C].
Proof of Theorem A. Firstly, suppose that τ is regular. Then X ≤ ZF(G) by Corollary 3.7.
Hence E ≤ ZF(G) by [26, Theorem B]. Since G/E ∈ F, we obtain G ∈ F. Therefore, we only need
to prove G ∈ F in the case when τ is Φ-regular hereditary.
Assume that this is false and let (G,E) be a counterexample with |G| + |E| minimal. Let
F = F (E) and F ∗ = F ∗(E). Let p be prime divisor of |F ∗| and P the Sylow p-subgroup of F ∗.
(1) X is supersoluble (This follows from Lemma 3.9).
(2) X = F ∗ 6= E.
Indeed, suppose that X = E. Then E is q-nilpotent, where q be smallest prime divisor of |E|,
by (1). Let V be the Hall q′-subgroup of X. If V = 1, then E ≤ ZU(G) by Lemma 3.5, so G ∈ F.
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But this contradicts the choice of (G,E). Hence V 6= 1. Since V is characteristic in X, it is normal
in G. Moreover, the hypothesis holds for (G/V,X/V ) by Lemma 2.2. Hence G/V ∈ F by the choice
of (G,E). Now we see that the hypothesis holds also for (G,V ) and so G ∈ F again by the choice of
(G,E). This contradiction shows that we have (2).
(3) F ∗ = F and CG(F ) = CG(F
∗) ≤ F .
Since by (1) and (2), X = F ∗ is soluble, F ∗ = F by [29, X, 13.6]. We have also CG(F ) =
CG(F
∗) ≤ F by [29, X, 13.12].
(4) Every proper normal subgroup W of G with F ≤W ≤ E is supersoluble.
By [29, X, 13. 11], F ∗(E) = F ∗(F ∗(E)) ≤ F ∗(W ) ≤ F ∗(E). It follows that F ∗(W ) = F ∗(E) =
F ∗. Thus the hypothesis is still true for (W,W ) by Lemma 2.2(4). The minimal choice of G implies
that W is supersoluble.
(5) If E 6= G, then E is supersoluble (It follows directly from (4)).
(6) If L is a minimal normal subgroup of G and L ≤ P , then |L| > p.
Assume that |L| = p. Let C0 = CE(L). Then the hypothesis is true for (G/L,C0/L). Indeed,
clearly, G/C0 = G/(E∩CG(L)) is supersoluble. Besides, since L ≤ Z(C0) and evidently F = F
∗ ≤ C0
and L ≤ Z(F ), we have F ∗(C0/L) = F
∗(C0)/L = F
∗/L. Hence the hypothesis is still true for
(G/L,C0/L). This implies that G/L ∈ F and thereby G ∈ F since |L| = p and U ⊆ F, a contradiction.
(7) Φ(G)∩P 6= 1 and F ∗(E/L) 6= F ∗/L for every minimal normal subgroup L of G contained in
Φ(G) ∩ P .
Suppose that Φ(G)∩P = 1. Then P is the direct product of some minimal normal subgroups of
G by [25, Lemma 2.15]. Hence by Lemma 3.8, P has a maximal subgroup M which is normal in G.
Now by [27, Lemma 2.2] , G has a minimal normal subgroup L with order p contained in P , which
contradicts (6). Thus Φ(G) ∩ P 6= 1. Let L ≤ Φ(G) ∩ P and L be a minimal normal subgroup of G.
Assume that F ∗(E/L) = F ∗/L. Then the hypothesis is true for G/L and so G/L ∈ F by the choice
of G. But then G ∈ F since L ≤ Φ(G). This contradiction shows that F ∗(E/L) 6= F ∗/L.
(8) E is not soluble and E = G.
Assume that E is soluble. Let L be a minimal normal subgroup of G contained in Φ(G) ∩ P .
By [1, A, 9.3(c)], F/L = F (E/L). On the other hand, F ∗(E/L) = F (E/L) by [29, X, 13.6]. Hence
F ∗(E/L) = F (E/L) = F ∗/L by (3), which contradicts (7). Therefore E is not soluble and so E = G
by (5).
(9) G has a unique maximal normal subgroup M containing F , M is supersoluble and G/M is a
non-abelian simple group (This directly follows from (4) and (8)).
(10) G/F is a non-abelian simple group and G/L is a quasinilpotent group if L is a minimal
normal subgroup of G contained in Φ(G) ∩ P .
Let L be a minimal normal subgroup of G contained in Φ(G)∩P . Then by (7), F ∗(E/L) 6= F ∗/L.
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Thus F/L = F ∗/L is a proper subgroup of F ∗(G/L). By [29, X, 13.6], F ∗(G/L) = F (G/L)E(G/L),
where E(G/L) is the layer of G/L. By (9), every chief series ofG has only one non-abelian factor. But
since E(G/L)/Z(E(G/L)) is a direct product of simple non-abelian groups, we see that F ∗(G/L) =
G/L is a quasinilpotent group. Since F (G/L) ∩ E(G/L) = Z(E(G/L)) by [29, X, (13.18)], G/F ≃
(G/L)/(F/L) is a simple non-abelian group.
(11) F ∗ = P .
Assume that P 6= F and let Q be a Sylow q-subgroup of F , where q 6= p. By (10), Q ≤ Z∞(G).
Hence by [29, X, 13.6], F ∗(G/Q) = F ∗/Q and so the hypothesis is still true for (G/Q,G/Q). Hence
G/Q is supersoluble by the choice of G. It follows that G is soluble, which contradicts (8).
(12) p is the largest prime dividing |G| and every Sylow q-subgroup Q of G where q 6= p is abelian.
Let D = PQ. Then D < G by (8). By Lemma 3.9, D = PQ is supersoluble. Since Oq(D) ≤
CG(P ), we have CG(P ) ≤ P by (3) and (11). Hence Oq(D) = 1. Consequently, p > q and F (D) = P .
Hence p is the largest prime dividing |G| and D/P ≃ Q is abelian.
Final contradiction.
By (8) and the Feit-Thompson theorem, 2 divides ||G|. By (12), a Sylow 2-subgroup of G/P
is abelian. Hence by [29, XI, 13.7], G/P is isomorphic to one of the following: a) PSL(2, 2f ); b)
PSL(2, q), where 8 divides q− 3 or q− 5; c) The Janko group J1; d) A Ree group. It is not difficult
to show that in any case G/P has a non-abelian supersoluble subgroup V/P such that p does not
divide |V/P |. Hence in view of (3) and (11), we have CV (P ) ≤ P and so P = F (V ). On the other
hand, V is supersoluble by Lemma 3.9. Thus V/P is abelian, a contradiction. Hence G ∈ F. The
theorem is thus proved.
4 Proof of Theorems B
Lemma 4.1. Let F be a saturated formation, P be a normal p-subgroup of a group G, where p is
a prime. Let D be a characteristic subgroup of P such that every non-trivial p′-automorphism of P
induces a non-trivial automorphism of D. Suppose that D ≤ ZF(G). Then P ≤ ZF(G).
Proof. Let F is the canonical local satellite of F. Let C = CG(P ). Since D ≤ ZF(G), then
G/CG(D) ∈ F (p) by Lemma 3.2. On the other hand, since every non-trivial p
′-automorphism of P
induces a non-trivial automorphism of D, CG(D)/CG(P ) is a p-group. Hence from the definition of
F we have G/CG(P ) ∈ F (p). It follows that P ≤ ZF(G).
Let P be a non-identity p-group. If P is not a non-abelian 2-group, we use Ω(P ) to denote the
subgroup Ω1(P ). Otherwise, Ω(P ) = Ω2(P ).
Lemma 4.2 (see [30, Theorem 2.4]). Let P be a group, α a p′-automorphism of P . If [α,Ω(P )] =
1, then α = 1.
Lemma 4.3. Let C be a Thompson critical subgroup of a p-group P (see [28, p. 185]). Then
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the group D := Ω(C) is of exponent p if p is an odd prime, or exponent 4 if P is non-abelian 2-group.
Moreover, every non-trivial p′-automorphism of P induces a non-trivial automorphism of D.
Proof. See the proof of [28, Chapter 5, 3.13] and use the fact that if C is a non-abelian 2-group,
then Ω(C) is of exponent 4 (see [31, p. 3]).
Lemma 4.4. Let F be a saturated formation, Let P be a normal p-subgroup of a group G and
D = Ω(C), where C is a Thompson critical subgroup of P . If C ≤ ZF(G) or D ≤ ZF(G), then
P ≤ ZF(G).
Proof. Let Z = ZF(G). Suppose that C ≤ Z. Then G/CG(C) ∈ F (p), where F is the canonical
local satellite of F by Lemma 3.2. On the other hand, CG(C)/CG(P ) is a p-group by [28, Chapter 5,
3.11]. Hence G/CG(P ) ∈ F (p). Consequently, P ≤ Z. On the other hand, by Lemmas 4.2 and 4.3,
CG(C)/CG(D) is also a p-group, and so in the case when D ≤ Z we similarly get that C ≤ Z.
Lemma 4.5. Let P/R be a chief factor of a group G with |P/R| = pn, where p is a prime and
n > 1. Suppose that for every normal subgroup V of G with V < P we have V ≤ R. Let H be a
subgroup of P such that R < RH < P . If H is a cyclic group of prime order or order 4, and T is a
supplement of H in G, then T = G.
Proof. Assume that T 6= G. Then P = H(P ∩ T ), where P ∩ T 6= P and |P : P ∩ T | = |G : T |.
Let N = NG(P ∩ T ). Since T ≤ N and P ∩ T < NP (P ∩ T ), we have that either P ∩ T is a
normal subgroup of G or |G : N | = 2. The first case implies that P ∩ T ≤ R and hence P = RH, a
contradiction. In the second case, N is normal in G and so N ∩ P is a normal subgroup of G with
|P : P ∩N | = 2. Therefore P ∩N ≤ R and thereby |P/R| = 2, a contradiction. Hence T = G.
Proposition 4.6. Let F be a saturated formation containing all supersoluble groups and P a
non-identity normal p-subgroup of G. Suppose that every cyclic subgroup of P of prime order or
order 4 (if P is a non-abelian group) is Fτ -supplemented in G.
(a) If τ is Φ-quasiregular and P is of exponent p or exponent 4, then P ≤ ZFΦ(G).
(b) If τ is quasiregular, then P ≤ ZF(G).
Proof. Suppose that in this theorem is false and let (G,P ) be a counterexample with |G|+ |P |
minimal. We write Z = ZFΦ(G) if τ is Φ-quasiregular and P is of exponent p or exponent 4, and
Z = ZF(G) if τ is quasiregular. Let Gp a Sylow p-subgroup of G.
(1) G has a normal subgroup R ≤ P such that P/R is an F-eccentric chief factor of G, R ≤ Z
and V ≤ R for any normal subgroup V 6= P of G contained in P . In particular, |P/R| > p.
Let P/R be a chief factor of G. Then the hypothesis holds for (G,R). Therefore R ≤ Z and so
P/R is F-eccentric in G by the choice of (G,P ) and [27, Lemma 2.2]. It follows that |P/R| > p. Now
let V 6= P be any normal subgroup of G contained in P . Then V ≤ Z. If V  R, then V R = P ≤ Z
by [27, Lemma 2.2]. This contradiction shows that V ≤ R.
(2) P is of exponent p or exponent 4.
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Assume that this is false and let τ be quasiregular. Let L be a Thompson critical subgroup of P
and Ω = Ω(L). Then Ω < P , and so Ω ≤ Z by (1), where Z = ZF(G). Hence P ≤ Z by Lemma 4.4,
which contradicts the choice of (G,P ). Hence Ω = P , so we have (2) by Lemma 4.3.
Now let L/R be any minimal subgroup of (P/R) ∩ Z(Gp/R). Let x ∈ L \ R and H = 〈x〉.
Then L/R = HR/R, so H is not normal in G and HG ≤ R by (1). Moreover, |H| is ether prime
or 4 by (2). Hence H is Fτ -supplemented in G, so there is a subgroup T/HG of G/HG such that
(T/HG)(H/HG) = G/HG and (T/HG) ∩ (H/HG) ⊆ (S/HG)ZF(T/HG) for some τ -subgroup S/HG
of G/HG contained in H/HG.
(3) H/HG = S/HG and L/R ∈ τ(G/R) .
By Lemma 4.5, we have T = G. Hence H/HG = (S/HG)(H/HG ∩ ZF(G/HG)). On the
other hand, since H is cyclic, we have either H/HG ≤ ZF(G/HG) or H/HG = S/HG. Note that
(R/HG)(H/HG)/(R/HG) = (RH/HG)/(R/HG) = (L/HG)/(R/HG), so if we have the former case,
then (L/HG)/(R/HG) ≤ (P/HG)/(R/HG) ∩ ZF((G/HG)/(R/HG)) by [24, Lemma 2.2(4)]. But
then L/R ≤ (P/R) ∩ ZF(G/R). This implies that P/R is F-central in G, contrary to (1). There-
fore we have H/HG = S/HG, so (L/HG)/(R/HG) = (H/HG)(R/HG)/(R/HG) is a τ -subgroup of
(G/HG)/(R/HG) and hence L/R is a τ -subgroup of G/R. Hence we have (3).
(4) τ is not quasiregular.
Assume that this is false. In view of (3), L/R is a τ -subgroup of G/R. But since L/R is normal
in Gp/R, L/R is normal in G/R by Lemma 3.4. Hence L/R = P/R, which contradicts (1). Hence
we have (4).
Now, in view of (4), we have only to prove that P ≤ ZFΦ(G).
(5) There is a maximal subgroup M of G such that R = P ∩M and MP = G.
Indeed, if P/R ≤ Φ(G/R), then in view of (1) and [24, Lemma 2.2], P ≤ ZFΦ(G), which
contradicts the choice of (G,P ). Therefore for some maximal subgroup M/R of G/R we have
(M/R)(P/R) = G/R. Then PM = G and M ∩ P = R since P/R abelian.
Final contradiction.
Let D = MG. Clearly, R ≤ D. By (3), LD/D is a τ -subgroup of G/D. On the other hand,
since L  R, L  D and so |LD/D| = |L/L ∩ D| = |L/R| = p. Since τ is Φ-qusiregular, |G/D :
NG/D(LD/D)| is a power of p. On the other hand, since L/R is normal in Gp/R, LD/D is normal
in GpD/D. Hence in view of Lemma 3.4, L
GD = LD. This induces that PD = LD and P =
L(P ∩D) = LR = L, which contradicts (1). The proposition is thus proved.
Lemma 4.7 If G = NT , where T is a proper subgroup of G, N ≤ Z∞(G) and N is a p-group,
then Op(G) 6= G.
Proof. Let T ≤M where M is a maximal subgroup of G. Then G/MG = (NMG/MG)(M/MG)
is a primitive group and NMG/MG ≤ Z∞(G/MG). Hence NMG/MG ≤ Z(G/MG) and so M/MG is
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normal in G/MG. Therefore O
p(G) ≤M .
Lemma 4.8. Let G = NT , where N is a minimal normal subgroup of G and T is a maximal
subgroup of G.
(1) If |G : T | divides 4, then N is abelian.
(2) If N ≤ ZU(G), then |G : T | is a prime.
Proof. (1) If |G : T | = 4, then G/TG is isomorphic with a subgroup of the symmetric group S4
of degree 4, which implies that N ≃ NTG/TG is abelian. If |G : T | = 2, then clearly N ≤ Z(G).
(2) Assume that N ≤ ZU(G). Since N is a minimal normal of G, the order of N is a prime. Thus
|G : T | is a prime.
Theorem 4.9. Let F be the class of all p-supersoluble groups. Let E be a normal subgroup G
and P a Sylow p-subgroup of E of order |P | = pn, where n > 1 and (|E|, p − 1) = 1. Suppose that
every cyclic subgroup of P of prime order or 4 (if P is a non-abelian 2-group) is Fτ -supplemented in
G. If τ is either hereditary or regular, then E is p-nilpotent.
Proof. Suppose that this theorem is false and let (G,E) be a counterexample with |G| + |E|
minimal. Let Z = ZF(G).
(1) Op′(E) = 1 (see (1) in the proof of Theorem 3.6).
(2) τ is regular.
Assume that this is false. Then, by hypothesis, τ is hereditary. Therefore the hypothesis holds for
every subgroup B of G containing P . Hence E = G and every maximal subgroup of G is p-nilpotent
by the choice of G. Hence by [32, IV, 5.4], G = P ⋊ Q is a p-closed Schmidt group, where Q is a
Sylow q-subgroup of G (q 6= p) and P is of exponent p or exponent 4 (if P is a non-abelian 2-group).
But then, by Proposition 4.6, P ≤ ZUΦ(G) = Z∞(G) since (|G|, p − 1) = 1. Hence G is nilpotent.
This contradiction shows that we have (2).
(3) Op(E) ≤ Z∞(E).
Assume Op(E) 6= 1. Let H be a subgroup of Op(E) which is Fτ -supplemented in G. Then there
is a subgroup T/HG of G/HG such that (H/HG)(T/HG) = G/HG and (H/HG) ∩ (T/HG)) ⊆
(S/HG)ZF(T/HG) for some τ -subgroup S/HG of G/HG contained in H/HG. Then (H/HG) ∩
(T/HG)) ⊆ (S/HG)(ZF(T/HG) ∩ (Op(E)/HG)) ≤ (S/HG)ZU(T/HG). Hence H is Uτ -supplemented
in G. Now since τ is regular, Op(E) ≤ ZU(G) by Lemma 4.6. But since (|E|, p − 1) = 1,
ZU(G) = Z∞(G). Thus Op(E) ≤ Z∞(G) ∩ E ≤ Z∞(E).
(4) If V/D is a chief factor of G where D ≤ Op(E), then V ≤ Op(E).
Assume that this is false and let (V,D) be the pair with |V | + |D| minimal such that V/D is a
chief factor of G, D ≤ Op(E) and V  Op(E). Then:
(a) p divides |V/D|.
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Assume that V/D is a p′-group. Then V is p-soluble. By (3), D ≤ Z∞(E) ∩ V ≤ Z∞(V ). Hence
V/CV (D) is a p-group by Lemma 3.2. Hence for a Hall p
′-subgroup W of V we have V = D ×W .
Then W is characteristic in V . Hence W ≤ Op′(E), contrary to (1). Therefore we have (a).
(b) p = 2, V/D is non-abelian and O2(E) ≤ Z∞(G).
Since V  Op(E), the choice of (V,D) and Claim (a) imply that V/D is non-abelian. But since
(|E|, p − 1) = 1 = (|V |, p − 1), by the Feit-Thompson’s theorem we have p = 2. By Lemma 4.6,
O2(E) ≤ Z∞(G).
(c) V has a 2-closed Schmidt subgroup A such that for some cyclic subgroup H of A of order 2
or order 4 we have H  D.
In view of (b) and [22, Theorem 3.4.2], V has a 2-closed Schmidt subgroup A and for the Sylow
2-subgroup A2 of A the following hold: (i) A2 = A
N; (ii) A2 is of exponent 2 or exponent 4 (if A2
is non-abelian); (iii) Φ(A) = Z∞(A); A2/Φ(A2) is a non-cyclic chief factor of A. Therefore for some
cyclic subgroup H of A of order 2 or order 4 we have H  Φ(A2). But Φ(A2) = Z∞(A) ∩ A2, so
H  Z∞(V ) ∩A ≤ Z∞(A), which implies that H  D by (3). It is also clear that HG ≤ D.
Without loss of generality, we may assume that H ≤ P , so H is Fτ -supplemented in G.
For any subgroup L of G, we put L̂ = LD/D.
(d) For any non-identity subgroup S/HG of G/HG not contained in D/HG we have S/HG 6∈
τ(G/HG).
Suppose that this is false. Sincee τ is regular, |Ĝ : NĜ(Ĥ)| is a power of 2, and so Ĥ ≤ O2(Ĝ)
by Lemma 3.4. Hence V̂ ≤ O2(Ĝ), a contradiction. Thus (d) holds.
(e) For any τ -subgroup S/HG of G/HG contained inH/HG we haveH/HG  (S/HG)ZF(G/HG).
Suppose that H/HG ≤ (S/HG)ZF(G/HG). Then H/HG = (S/HG)((H/HG)∩ZF(G/HG)). Since
H/HG is cyclic, either H/HG = S/HG or H/HG ≤ ZF(G/HG). But the former case is impossible
by (d). Hence H/HG ≤ ZF(G/HG). But then (H/HG)(D/HG)(D/HG) ≤ ZF((G/HG)/(D/HG))
by [24, Lemma 2.2(4)]. Hence V/D ≃ (V/HG)/(D/HG) is a 2-group, a contradiction. Therefore we
have (e).
(f) O2(V ) = V .
Assume that O2(V ) 6= V . Since O2(V ) is characteristic in V , it is normal in G. Hence DO2(V ) =
V . Then in view of the G-isomorphism V/D ≃ O2(V )/D∩O2(V ), O2(V )/D∩O2(V ) is a non-abelian
chief factor of G such that O2(V )  O2(V ) and D ∩ O2(V ) ≤ O2(E), which contradicts the choice
of (V,D). Hence we have (f).
final contradiction.
SinceH is Fτ -supplemented inG, there is a subgroup T/HG ofG/HG such that (H/HG)(T/HG) =
G/HG and (H/HG) ∩ (T/HG) ⊆ (S/HG)ZF(T/HG) for some τ -subgroup S/HG of G/HG contained
in H/HG.
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Suppose that T = G. Then (H/HG) ≤ (S/HG)ZF(G/HG), which contradicts (e). Therefore
T 6= G.
Since HT = G, |G : T | divides 4. Let T ≤ M , where M is a maximal subgroup of G. Then
V  M . Suppose that |G : M | = 2. Then from the isomorphism G/M ≃ V/V ∩ M we get
O2(V ) 6= V , which contradicts (f). Hence M = T is a maximal subgroup of G and |G : T | = 4.
Note that if TD = G, then V = D(T ∩ V ). Hence O2(V ) 6= V by Lemma 4.7, contrary to (f).
Therefore TD 6= G, which in view of maximality of T implies that D ≤ T . Therefore Ĝ = ĤT̂ = V̂ T̂ .
Then by Lemma 4.8, V̂ is abelian, which contradicts (b). This final contradiction completes the proof.
Corollary 4.10. Let E be a non-identity normal subgroup G. Suppose that for every non-cyclic
Sylow subgroup P of E, every cyclic subgroup of P of prime order or 4 (if P is a non-abelian 2-group)
is Uτ -supplemented in G for sone hereditary quasiregular subgroup functor τ . Then E ≤ ZF(G).
Proof. See the proof of Corollary 3.7 and use Proposition 4.6 and Theorem 4.9 instead of
Proposition 3.5 and Theorem 3.6, respectively.
Proof of Theorem B. Suppose that this theorem is false and let (G,E) be a counterexample
with |G| + |E| minimal. Then E = GF. Let p be the smallest prime dividing |X|. Then X is
p-nilpotent by Theorem 4.9 and [28, Chapter 7, 6.1]. Hence X is soluble by the Feit-Thompson’s
theorem. Let V be the Hall p′-subgroup of X. Then V is characteristic in X and so it is normal in
G.
Suppose that Assertion (i) is true. Then the choice of G implies that E  ZF(G) and so V 6= 1
by Proposition 4.6. It is clear that the hypothesis holds for (G/V,E/V ) by Lemma 2.2. Hence
G/V ∈ F by the choice of (G,E). Then the hypothesis holds for (G,V ). Hence the choice of (G,E)
implies that G ∈ F, a contradiction. Hence at least one of the Assertions (ii) or (iii) is true. In
this case τ is either hereditary quasiregular or regular. By Corollary 4.10, X ≤ ZU(G). It follows
from [26, Proposition C] that E ≤ ZU(G). Then G ∈ F. This contradiction completes the proof.
5 Final remarks
I. A large number of known results are corollaries of Theorems A and B. In particular, in view of
Example 1.4, Theorem A covers Theorem D in [7] and Theorem 4.7 in [33]; in view of Example 1.5,
Theorems B covers Theorem 1.3 in [34]; in view of the remarks after Definition 1.2, Theorems A and
B cover Theorems 1.2 and 1.4 in [35], Theorem 3.1 and 3.2 in [5] and Theorem 3.3 in [36]; in view
of Example 1.6 and the remarks after Definition 1.2, Theorems A and B cover Theorem 4.1 in [37],
Theorems 1.1 and 1.2 in [38], Theorems 3.1, 3.4 and 3.6 in [39], Theorem A in [26] and Theorems A
and B in [40]; in view of Example 1.7, Theorems A and B cover Theorems 5.1 and 5.2 in [15]; in view
of Example 1.8, Theorem B covers Theorems 3.1 and 3.2 in [41]; in view of Example 1.9, Theorem
A and B cover Theorem 1.3 in [11] and Theorem 1.2 in [42]; in view of Example 1.10, Theorems A
and B cover Theorems 3.1, 3.4-3.7 in [43] and so on.
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II. We do not know now the answer to the following
Question B. Is the subgroup functor in (1.5) regular? (see Question 17.112 in [44]).
References
[1] K. Doerk, T. Hawkes, Finite Soluble Groups, Walter de Gruyter, Berlin, New York, 1992.
[2] O. Ore, Contributions in the theory of groups of finite order, Duke Math. 5 (1939) 431–460.
[3] Y. Wang, c-normality of groups and its properties, J. Algebra 180 (1996) 954–965.
[4] A. Ballester-Bolinches, Y. Wang, X. Guo, c-Supplemented subgroups of finite groups, Glasgow
Math. J. 42 (2000) 383389.
[5] W. Guo, On F-supplemented subgroups of finite groups, Manuscripta Math. 127 (2008) 139–150.
[6] A. N. Skiba, On weakly s-permutable subgroups of finite groups, J. Algebra 315 (2007) 192–209.
[7] L. M. Ezquerro, A contribution to the theory of finite supersoluble groups, Rend. Sen. Mat. Univ.
Padova 89 (1993) 161–170.
[8] A. Ballester-Bolinches, X. Y. Guo. On complemented subgroups of finite groups, Arch. Math. 72
(1999) 161–166.
[9] W. Guo, K. P. Shum, A. N. Skiba, G-covering subgroup systems for the classes of supersoluble
and nilpotent groups, Israel J. Math. 138 (2003) 125–138.
[10] R. Schmidt, Subgroup Lattices of Groups, Walter de Gruyter, Berlin, New York, 1994.
[11] V. A. Vasil’ev, A. N. Skiba, On one generalization of modular subgroups, Ukrainian Math. J.
63(10) (2012) 1494-1505.
[12] B. Li, On Π-property and Π-normality of subgroups of finite groups, J. Algebra 334 (2011),
321–337.
[13] W. Guo, K. P. Shum, A. N. Skiba, X-semipermutable subgroups of finite groups, J. Algebra 315
(2007) 31-41.
[14] A. Ballester-Bolinches, R. Esteban-Romero, M. Asaad, Products of Finite Groups, Walter de
Gruyter, Berlin, New York, 2010.
[15] W. Guo, A. N. Skiba, Finite groups with systems of Σ-embedded subgroups, Science China.
Mathematics 54 (2011) 1909–1926.
[16] J. C. Lennox, S. E. Stonehewer, Subnormal subgroups of groups, Clarendon Press, Oxford, 1987.
21
[17] A. Ballester-Bolinches, M. C. Pedraza-Aguilera, Sufficient conditions for supersolubility of finite
groups, J. Pure Appl. Algebra 127 (1998) 113–118.
[18] O. H. Kegel, Sylow-Gruppen and Subnormalteilerendlicher Gruppen, Math. Z. 78 (1962) 205–
221.
[19] S. Li, Z. Shen, J. Liu, X. Liu, The influence of SS-quasinormality of some subgroups on the
structure of finite groups, J. Algebra 319 (2008) 4275-4287.
[20] X. Chen, W. Guo, On the partial Φ-property of subgroups of finite groups, J. Group Theory,
16 (2013), 745-766.
[21] L. A. Shemetkov, A. N. Skiba, Formations of Algebraic Systems, Nauka, Moscow, 1989.
[22] W. Guo, The Theory of Classes of Groups, Science Press-Kluwer Academic Publishers, Beijing,
New York, Dordrecht, Boston, London, 2000.
[23] A. Ballester-Bolinches, L. M. Ezquerro, Classes of Finite Groups, Springer, Dordrecht, 2006.
[24] W. Guo, A. N. Skiba, On the intersection of the F-maximal subgroups and the generalized
F-hypercentre od a finite group, J. Algebra 366 (2012) 112–125.
[25] W. Guo, A. N. Skiba, On FΦ∗-hypercentral subgroups of finite groups, J. Algebra 372 (2012)
275–292.
[26] A. N. Skiba, On two questions of L.A. Shemetkov concerning hypercyclically embedded sub-
groups of finite groups, J. Group Theory 13 (2010) 841–850.
[27] L. A. Shemetkov, A. N. Skiba, On the XΦ-hypercentre of finite groups, J. Algebra 322 (2009)
2106–2117.
[28] D. Gorenstein, Finite Groups, Harper & Row Publishers, New York, Evanston, London, 1968.
[29] B. Huppert, N. Blackburn, Finite Groups III, Springer Verlag, Berlin, New York, 1982.
[30] T. M. Gagen, Topics in finite groups, Cambridge University press, London Math. Soc. Lecture
Note Series 16, Cambridge Univ. Press: London, 1976.
[31] Y. Berkovich, L. Kazarin, Indices of elements and normal structure of finite groups, J. Algebra
283(1) (2005) 564–583.
[32] B. Huppert, Endliche Gruppen I, Springer Verlag. Berlin, Heidelberg, New York, 1967.
[33] H. Wei and Y. Wang, On CAS-subgroups of finite groups, Israel J. Math. 159 (2007), 175-188.
[34] W. Guo, S. Chen, Weakly c-permutable subgroups of finite groups, J. Algebra 324 (2010) 2369–
2381.
22
[35] A. Y. Alsheik Ahmad, J. J. Jaraden and A. N. Skiba, On Uc-normal subgroups of finite groups,
Algebra Colloq. 14(1) (2007) 25–36.
[36] W. Guo, N. Tang, B. Li, On F-z-supplemented subgroups of finite groups, Acta Math. Scientia
31B(1) (2011) 22–28.
[37] A. Ballester-Bolinches, Y. Wang, X. Guo, C-supplemented subgroups of finite groups, Glasgow
Math. J. 42 (2000) 383-389.
[38] H. Wei, Y. Wang, Y. Li, On c-supplemented maximal and minimal subgroups of Sylow subgroups
of finite groups, Proc. Am. Math. Soc. 32(8) (2004), 2197-2204.
[39] M. Long, Finite groups with some maximal subgroups of Sylow subgroups Q-suppplemented,
Comm. Algebra 35 (2007) 103–113.
[40] W. Guo, F. Xie, B. Li, Some open questions in the theory generalized permutable groups,
Science in China Series A: Mathematics, 52(10) (2009) 2132–2144.
[41] T. Zhao, X. Li, Y. Xu, Weakly s-supplementally embedded minimal subgroups of finite groups,
Proceedings of the Edinburgh Mathematical Society 54 (2011), 799-807.
[42] V. A. Vasil’ev, Finite groups with m-supplemented maximal subgroups of Sylow subgroups,
Proceedings of the F. Scorina Gomel State University 4(67) (2011) 29-37.
[43] S. Li, Z. Shen, X. Kong, On SS-quasinormal subgroups of finite ]groups, Comm. Algebra 36
(2008) 4436–4447.
[44] V. D. Mazurov, E. I. Khukhro editors, Unsolved Problems in Group Theory: The Kourovka
Notebook, Novosibirsk, 17 edition.
23
